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Abstract
To model the process of absorption and emission of quanta by an extremal D1–D5
black hole in the dual CFT, we consider transitions between different Ramond vacua via
absorption and emission of chiral primaries. We compute the probabilities to reach different
CFT states starting with a special Ramond vacuum, using techniques of the orbifold CFT.
It is found that the processes involving the change of angular momentum by k units are
suppressed as ∼ 1/Nk.
1
1 Introduction
Black hole formation and evaporation is expected to be a unitary process, but the details of
this process are not fully understood, in particular, it is not clear how information comes out
of the hole. Consider a simple process depicted in Fig.1(a): a massless quantum falls into an
extremal black hole and excites it, and at a later time another massless quantum is radiated
away, bringing the hole back to extremality. Since the extremal hole has a large number of
ground states, generically the final state |f〉 of the hole will differ from the initial state |i〉, and
the emitted quantum will differ from the absorbed one. This leads to an S matrix with a large
number of nonzero elements, and by understanding properties of this matrix, one would shed
light on dynamics of non–extremal black holes and on physics of Hawking radiation [1]. In
particular, it would be very interesting to know whether a given initial state |i〉 tends to go to
some specific final state |f〉 or all outcomes happen with comparable probabilities.
In this paper we are focusing on processes depicted in Fig.1(a) for the case of extremal
five–dimensional black holes composed of n1 D1 and n5 D5 branes [2]. Such system has e
2
√
2
√
N
degenerate ground states, where N = n1n5. The geometries corresponding to all such states
have been constructed in [3, 4, 5], and although these metrics are regular [4], the curvature can
become large, so supergravity approximation cannot be used to give an accurate description
of the process depicted in Fig.1(a). Moreover, if the initial and final microstates are not the
same, such process cannot be described by propagation of a graviton on a fixed background.
However, some insights into the absorption/emission process can be gained from going to a
different regime of parameters, where the system has a dual description in terms of a two–
dimensional CFT [6]. In this theory, the relevant process is given by the 4-point function
depicted in Fig.1(b), and we will compute the appropriate correlators for special cases when
the initial state |i〉 corresponds to the geometry constructed in [7, 8], and the final state |f〉 is a
global rotation of |i〉 (however, in general, |f〉 6= |i〉). For this class of transitions, we find that
the amplitude for going to a state rotated by k units (i.e., |f〉 = (J−0 )k|i〉) is suppressed by a
factor 1/Nk (note that 1/N is the effective gravitational constant for the geometry).
For the D1–D5 system exact agreement between gravity and the free CFT has been found
for quantities pertaining to the extremal and to the near extremal systems1 [9, 10, 11, 12].
Moreover, this agreement persisted beyond supergravity: correlation functions in string theory
on AdS3×S3 [13] turned out to be equal to the ones computed in the free CFT [14, 15]. It is
possible that the low energy S-matrix describing processes shown in Fig. 1(a) would also agree
between the free CFT and the gravity regimes. In this case many interesting properties of the
black hole S–matrix can be deduced by studying simple processes similar to the one discussed
in this paper.
This paper has the following organization. In section 2 we review the construction of
operators in the orbifold CFT. Section 3 presents an outline of the CFT calculation, which is
carried out in sections 4–6. The results are summarized in section 7, and section 8 describes
the implications for the gravitational amplitudes. The technical details are presented in the
appendices.
1One can regard the 3-charge hole as an excited state of the 2-charge D1-D5 system, and thus work around
extremal D1-D5 states.
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|i′〉 |f ′〉
|f〉
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|f ′〉
|i〉
(a) (b)
Figure 1:
(a) Absorption of a quantum by a black hole (left) and emission of another quantum at a later
time (right).
(b) Representation of the same process in the dual CFT. Time is flowing upwards.
2 Operators in the MN/SN CFT
To evaluate the correlation function mentioned in the introduction, one should begin with
identifying the states in the field theory which correspond to the black hole and to the absorbed
and emitted particles. In this section we will review the construction of such states.
The D1-D5 system is believed to have an ‘orbifold point’ in its moduli space where the
low energy theory is a 1+1 dimensional sigma model with target space MN/SN [2, 16] – the
symmetric product of N copies of a 4-manifold M (which can be either T 4 or K3). A general
method for computing correlation functions in this CFT was developed in [14, 15], and we will
begin with reviewing this construction.
Each of the N copies of the CFT has 4 free bosons φ1, . . . φ4 and 4 free fermions ψ1, . . . ψ4,
so its central charge is c = 6. The fermions can be bosonized into two additional bosons, which
will be denoted by φ5 and φ6. The theory has N = (4, 4) supersymmtery, and the R–symmetry
in the holomorphic sector is generated by SU(2) currents:
J3(z) =
i
2
∑
j
ea∂zφ
a
j (z), J
+(z) =
∑
j
exp
(
ieaφ
a
j (z)
)
, J−(z) =
∑
j
exp
(
−ieaφaj (z)
)
(2.1)
The six–dimensional vector ea = (0, 0, 0, 1,−1) was defined in [15], and we will only need the
relation eaea = 2.
2.1 Chiral primaries
The incoming and outgoing supergravity quanta in Fig 1 correspond to chiral primaries and their
descendants in the dual CFT. The chiral primaries in the orbifold theory have been discussed
in [15], and here we summarize the results.
To construct a chiral primary, one starts with a twist operator σn, which interchanges n
different copies of the free CFT with c = 6. Such twist can be resolved by going to a ‘covering
3
space’ Σ, via a map that behaves like z ≈ btn at the insertion2. To make a chiral primary with
j = h, one should add an SU(2) charge to the twist operator by applying currents J+. Because
of the twist, one can apply fractional modes of these currents in the z plane,
J
+(z)
−m/n ≡
∫
dz
2πi
n∑
k=1
Jk,+z (z) e
−2πim(k−1)/n z−m/n, (2.2)
these modes become integral in the covering space:
J
+(z)
−m/n =
∫
dz
2πi
n∑
k=1
Jk,+z (z) e
−2πim(k−1)/n z−m/n →
∫
dt
2πi
J+t (t) a
−m/nt−m ≡ a−m/n J+−m.
A chiral primary σpn is obtained by applying a sequence of J
+(z)
−m/n to the bosonic twist operator
σn, and details of this construction are given in [15]. The resulting operator has charges
j = h ≡ p = n±12 , and on the covering space is it described by an insertion of an exponential3:
σPn (0)→ σˆPn (t = 0) = b−p
2/n : exp (ipeaΦ
a(0)) . (2.3)
Notice that σPn represents the twist operator corresponding to the specific permutation of
indices (for example, (1, 2, . . . , n)). This object is not well defined in the orbifold CFT, so to
construct a proper operator one should sum over the conjugacy class [17]:
OPn =
[
1
n(N − n)!N !
]1/2 ∑
h∈G
σPh(1...n)h−1 (2.4)
In this paper we will mostly work with σPn , and we will comment on going to O
p
n in the end.
2.2 Correlators involving twist operators
We will be interested in correlation functions involving two twist operators, so we begin with
outlining a general procedure for evaluating correlators containing two twists and an arbitrary
number of single–valued fields A˜k(z):
4
〈σPn (0)σQ†n (a)A˜1(z1) . . . A˜m(zm)〉 (2.5)
The goal of this subsection is to write such correlators in a form which does not contain twists,
this will be accomplished by passing to the covering space of the z plane.
To define a chiral operator σPn (0), we start by cutting a hole of radius ǫ in the z plane around
z = 0 [14, 15]. As we circle around this hole, n different copies of the c = 6 CFT permute into
each other. The chiral operator with h = j3 is obtained by applying currents to the basic twist,
2In this paper we follow notation of [14, 15] and denote the coordinate on the 1+1 dimensional base space by
z, and the coordinate on the cover Σ by t.
3In [15] the two possibilities for p were denoted + and −. There is a similar charge for the antiholomorphic
sector, giving four possibilities overall; we will however talk about the holomorphic sector alone for most of the
computation, and combine sectors at the end.
4The invariance of the correlation function under the action of SN implies that the twist operators must have
the same order n.
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this corresponds to the insertion of (2.3) on the covering space. The resulting operator σǫPn (0)
in the z space still depends on the cutoff ǫ, and the normalized chiral operator is defined by
σPn (0) =
σεPn (0)
〈σεPn (0) {σεPn (1)}†〉1/2
. (2.6)
Now consider a correlator that contains two such chiral operators with twists of order n,
and also a set of operators A˜1(z1), . . . , A˜m(zm), which do not generate any twists. Since A˜k are
operators in the orbifold theory, they are symmetric under the interchange of the copies of the
c = 6 CFT. Such symmetric operators can be made, for example, by starting with an operator
in the c = 6 CFT and taking the product of N copies from each CFT, and an important
example of such construction will be discussed in the next subsection (see equation (2.23)).
The operators A˜k could also be made by taking a sum over identical operators from each copy
of the CFT, or by a combining products and sums. The arguments below apply to all choices of
the operators A˜k, but for concreteness we assume that the operator is a product of (identical)
operators from each copy of the CFT:
A˜k(zk) =
N∏
i=1
A
(i)
k (zk) (2.7)
Let the first n copies of the c = 6 CFT be permuted by the twist operators, then the
remaining N − n copies give the factor
N∏
i=n+1
〈A(i)1 (z1) . . . A(i)m (zm)〉 (2.8)
in the correlation function (2.5). The contribution from the first n copies of the c = 6 CFT to
(2.5) is
〈σPn (0)σQ†n (a)A1(z1) . . . Am(zm)〉 =
〈σεPn (0)σεQ†n (a)A1(z1) . . . Am(zm)〉
〈σεPn (0) {σεPn (1)}†〉1/2〈σεQn (0)
{
σεQn (1)
}†〉1/2 , (2.9)
where we defined
Ak ≡
n∏
i=1
A
(i)
k . (2.10)
The numerator of the rhs of (2.9) can be evaluated by going to the covering space Σ of
the z plane, where the twists are resolved. We will denote the holomorphic coordinate on Σ
by t, the lift of the operators A
(i)
k to the covering space by A
t
k, and n images of the point zk
by tk,j, j = 1, . . . n. The operator insertion Ak(zk) in the z plane corresponds to a product of
operators in the c = 6 CFT on Σ:
Ak(zk)→
∏
j=1...n
(
dz
dt
(tk,j)
)−∆k
Atk(tk,j) (2.11)
Here ∆k is the dimension of each of the A
(i)
k . To rewrite equation (2.9) in terms of the covering
space, we recall the relation (2.3). The numerator of the rhs of (2.9) becomes
〈σεPn (0)σεQ†n (a)A1(z1) . . . Am(zm)〉 = eSL
∏
k,j
(
dz
dt
(tk,j)
)−∆k
〈σˆPn (0)σˆQ†n (a)
∏
Atk(tk,j)〉. (2.12)
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Here eSL is a contribution of the conformal anomaly [18]; in the present case it can be written
as [14]
eSL = a(n−1/n)/2f(n, ε), (2.13)
and it does not depend upon P and Q.
The denominator of the rhs of (2.9) is
〈σεPn (0)
{
σεPn (1)
}†〉 = f(n, ε)〈σˆPn (0)σˆP †n (1)〉 = f(n, ε), (2.14)
where in the first step we have used (2.13) and in the second step we have used normalization
of twist operators. Substituting (2.12) and (2.14) into (2.9) we get:
〈σPn (0)σQ†n (a)A1(z1) . . . Am(zm)〉
= a−
1
2
(n− 1
n
)
∏
k,j
(
dz
dt
(tk,j)
)−∆k
〈σˆPn (0)σˆQ†n (a)
∏
Atk(tk,j)〉. (2.15)
To summarize, we have demonstrated the following fact, which is intuitively obvious. If there
are only two twist operators in the correlator then the contribution of the conformal anomaly
cancels out, and the problem reduces to evaluation of correlation functions in the c = 6 CFT
on the covering space Σ. This happens because the chiral operators containing the twists are
normalized by means of their two-point functions. By contrast, if we are computing three or
four-point functions as in [14, 15], then the conformal anomaly gives a nontrivial contribution.
Finally we recall that the proper twist operator in the orbifold CFT is OPn given by (2.4)
rather then σPn . This means that the actual correlator to be computed is
〈OPn (0)OQ†n (a)A1(z1) . . . Am(zm)〉 (2.16)
rather than (2.15). Assuming that operators A˜1(z1), . . . , A˜m(zm) do not contain twists, we get:
〈OPn (0)OQ†n (a)A˜1(z1) . . . A˜m(zm)〉
=
1
n(N − n)!N !
∑
g∈G
∑
h∈G
〈σPg(1...n)g−1(0)σQ†h(1...n)h−1(a)A˜1(z1) . . . A˜m(zm)〉
=
1
n(N − n)!
∑
h∈G
〈σP(1...n)(0)σQ†h(n...1)h−1(a)A˜1(z1) . . . A˜m(zm)〉. (2.17)
Note that the prefactor in front of the sum is equal to the number of non-vanishing terms in
the sum, so we finally get
〈OPn (0)OQ†n (a)A˜1(z1) . . . A˜m(zm)〉 = 〈σPn (0)σQ†n (a)A˜1(z1) . . . A˜m(zm)〉. (2.18)
We will use this formula to evaluate correlation functions involving spin operators, the objects
which are constructed in the next subsection.
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2.3 Spin operators
An N = 4 CFT has the unique vacuum |0〉NS with j = h = 0, which belongs to the Neveu-
Schwarz (NS) sector. However, the black hole of interest arises in the Ramond (R) sector, where
there are e2
√
2
√
N degenerate ground states with h = c24 . Such states can be created by acting
on |0〉NS by a spin operator S:
|0〉R = S|0〉NS . (2.19)
The states |i〉 and |f〉 in Fig.1 are the R ground states of the D1-D5 system. We will choose
|i〉, |f〉 from a special subset of R ground states, which we now describe.
All Ramond ground states can be obtained by starting with chiral primaries in the NS sector
and applying the operation of spectral flow [19], which maps the state with charges (h, j3) in
the NS sector into state with charges (h′, j′3) in the R sector:
h′ = h− j3 + c
24
,
j′3 = j3 −
c
12
. (2.20)
A general chiral primary of our CFT is given by a twist operator [15], then the corresponding
R vacuum contains twist as well, and such states are discussed in section 5.3. Here we will
describe a subset of Ramond vacua which do not interchange different copies of c = 6 CFT,
such states are obtained by applying the spectral flow to the NS vacuum.
For one copy of the c = 6 CFT the spectral flow of |0〉NS gives a R ground state with h = 12
and SU(2) quantum numbers j = 12 ,m = −12 . In the free CFT with bosonized fermions we find
the unique vertex operator creating the state with these properties5:
S−(z) =: exp
(
− i
2
eaφa(z)
)
: (2.21)
Since this operator has an SU(2) spin j = 1/2, it is a member of a doublet; the other component
of the doublet can be obtained by applying J+0 to S−(z):
S+(z) =: exp
(
i
2
eaφa(z)
)
: (2.22)
Now consider N copies of N = 4 CFT with total central charge c = 6N . The NS vacuum
|0〉NS flows to a state with h = N/4, j3 = −N/2, which is a member of an SU(2) multiplet with
j = N/2. For the top member of this multiplet (j = m = N2 ) the appropriate vertex operator
is the product of the spin field S+(z) from all the different copies of the c = 6 CFT:
SN,0(z) ≡ S+...+(z) =
N∏
i=1
: exp
(
i
2
eaφ
a
i (z)
)
: (2.23)
The other elements of the SU(2) representation can be constructed using J−0 :
SN−k,k(z) ≡
√
(N − k)!
k!N !
(
J−0
)k
SN,0(z), k = 0, . . . N. (2.24)
5We recall that the first four fields φ1, φ2, φ3, φ4 come from the original scalars, so they are not affected by
the spectral flow. To modify the boundary conditions for the fermions, one has to insert exponential factors
containing the bosonized fields φ5 and φ6, this explains appearance of ea in (2.21).
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S†N−l,l
(J−0 )
pσPn
(J+0 )
qσQ†n
SN−k,k
Figure 2: A more explicit version of figure 1(b): the microstates of a black hole correspond
to spin operators SN−k,k and S
†
N−l,l, absorbed and emitted quanta correspond chiral primaries
represented by (rotated) twist operators.
These operators are normalized by
〈SN−k,k(0)S†N−k,k(z)〉 = z−N/2. (2.25)
We will be interested in processes for which the states |i〉, |f〉 in Fig.1 have the form (2.19) with
S given by (2.24).
Recalling the relation (2.23), we see that the operator SN−k,k generates a linear combination
of states where each copy of the c = 6 CFT is in one of the two j = 1/2 Ramond ground states:
N −k of these copies have the state with spin pointing up (j3 = 1/2) and k of these copies have
the spin pointing down (j3 = −1/2). The linear combination (2.24) produces the states which
are symmetric under the interchange of copies, as is required of an operator in the orbifold
theory MN/SN .
3 S–matrix element and correlation function in the CFT
After defining the spin and twist operators in the previous section, we can construct the cor-
relation function which models absorption/emission of quanta by a black hole. On the gravity
side we consider a process depicted in figure 1(a), where the initial and final states, |i〉 and |f〉,
are described by regular geometries corresponding to the simplest Ramond vacua [7, 8].
The processes associated with black hole physics are encoded in the CFT defined on a
cylinder. We denote the compact spatial direction of this cylinder by σ (0 ≤ σ < 2π), and the
8
orthogonal noncompact direction by6 τ . The cylinder can be mapped to a plane by a conformal
transformation, so most of our work will be done on the plane, which is parameterized by the
coordinate z, and the map to the cylinder will be discussed at the end. We will assume that
the endpoints of the cylinder (τ = ±∞) map to points z = v and z = w in the plane. There
will be four operator insertions in this plane (their pictorial representation is shown in Figure
2):
(a) The first R vacuum with j = N/2 is introduced at τ → −∞ on the cylinder. If τ = −∞
maps to z = v in the plane, then the required state is created by inserting an operator
SN−l,l(v) at the point z = v in the plane. In gravity, this state corresponds to the metric
of [7, 8] rotated by l units.
(b) The second R ground state with j = N/2 is introduced at τ → ∞ on the cylinder, which
maps to z = w . We thus insert an operator S†N−k,k(w) at this point. In gravity, this state
corresponds to the metric of [7, 8] rotated by k units.
(c) We are interested in the process describing an excitation of the ground state by a super-
gravity quantum. In the CFT this particle is represented by (an SU(2) rotation of) a chiral
operator OPn , which is written as a linear combination of operators σ
P
n . We will begin with
computing the correlator for an insertion of σPn and sum over permutations later. Using
translational invariance in the z plane, we put this operator at z = 0.
(d) The system de-excites to the final Ramond ground state by emitting another supergravity
quantum, which is represented in the CFT by (an SU(2) rotation of) an operator (OQn )
†.
Again, we begin with computing the correlator for a given σQ†n . Let σQ†n be inserted at
z = a. Since σPn , σ
Q†
n are the only twist operators appearing in the amplitude, their twist
orders must be equal, and we have taken each to be n. The SU(2) charges of all the four
operators in the correlator must add up to zero.
To summarize, we are interested in evaluating the correlator
〈SN−l,l(v)S†N−k,k(w)
[
(J−0 )
pσPn
]
(0)
[
(J+0 )
qσQ†n
]
(a)〉SN , (3.1)
and the relevant calculations will be performed in the next few sections. The superscript SN
in (3.1) is introduced to stress the fact that this correlation function is computed in MN/SN
orbifold. Without loss of generality, we will set l = 0 in (3.1) by performing a global SU(2)
rotation.
4 Outline of the calculation
Computation of all four–point functions (3.1) on MN/SN orbifold can be reduced to evaluation
of three simple correlators in Mn/Sn theory, and in this section we will outline the logic behind
this reduction. The details of computations are presented in the appendix A.
The reduction to the basic correlators is performed in three steps.
6We work with Euclidean signature on this cylinder and rotate final results to Lorentzian signature at the
end, as is usual for CFT computations.
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1. Using the properties of spin operators, one can reduce the four–point function onMN/SN
orbifold to its counterpart in Mn/Sn theory (see appendix A):
〈SN,0(v)S†N−k,k(w)
(
(J−0 )
pσPn
)
(0)
(
(J+0 )
qσQ†n
)
(a)〉SN = (v −w)−(N−n)/2
×
(
(N − k)!n!
N !(n− k)!
) 1
2 〈Sn,0(v)S†n−k,k(w)
(
(J−0 )
pσPn
)
(0)
(
(J+0 )
qσQ†n
)
(a)〉Sn . (4.1)
This reduces the problem to evaluation of the correlation functions
〈Sn,0(v)S†n−k,k(w)
(
(J−0 )
pσPn
)
(0)
(
(J+0 )
qσQ†n
)
(a)〉Sn . (4.2)
2. To simplify the correlators (4.2), one can move operators J−0 from σ
P
n to the other in-
sertions in the correlator, this corresponds to a global SU(2) rotation. Thus (4.2) can
be written as a weighted sum over the following set of correlation functions for different
values of k, l:
〈Sn−l,l(v)S†n−k,k(w)σPn (0)
(
(J+0 )
sσQ†n
)
(a)〉Sn . (4.3)
3. Moving around J+0 and using the fact that J
+
0 σ
P
n (0) = 0, one can rewrite (4.3) in terms
of “basic” 4–point functions (see appendix A):
〈Sn−l,l(v)S†n−k,k(w)σPn (0)
(
(J+0 )
sσQ†n
)
(a)〉Sn
=
s∑
p=0
s!
p!(s− p)!
(
(n− k + p)!k!
(n− k)!(k − p)!
(n− l)!(s− p+ l)!
(n− l − s+ p)! l!
)1/2
(4.4)
×〈Sn−l−s+p,l+s−p(v)S†n−k+p,k−p(w)σPn (0)σQ†n (a)〉Sn .
These steps reduce evaluation of the general 4–point function (3.1) to computation of the
basic correlators7
〈Sn−l,l(v)S†n−k,k(w)σPn (0)σQ†n (a)〉 (4.5)
on Mn/Sn orbifold.
Recalling the construction of chiral operators in section 2, we find four possible values for
the charges P,Q:
(P,Q) =
(
n− 1
2
,
n− 1
2
)
, (P,Q) =
(
n+ 1
2
,
n+ 1
2
)
, (4.6)
(P,Q) =
(
n+ 1
2
,
n− 1
2
)
, (P,Q) =
(
n− 1
2
,
n+ 1
2
)
. (4.7)
This reduces evaluation of (3.1) to calculation of two basic 4–point functions:
(a) 〈Sn−k,k(v)S†n−k,k(w)σQn (w)σQ†n (a)〉, Q =
n
2
,
n+ 1
2
(4.8)
7Here and below we drop the superscript Sn: the rank of the orbifold can be read off from the order of spin
operators.
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corresponding to the charges (4.6), and
(b) 〈Sn−k+1,k−1(v)S†n−k,k(w)σ
n+1
2
n (0)σ
−n−1
2
n (a)〉 (4.9)
corresponding to the first set of charges in (4.7). Note that one does not have to consider the
second set in (4.7) separately, since
〈Sn−k,k(v)S†n−k−1,k+1(w)σ
n−1
2
n (0)σ
−n+1
2
n (a)〉
= 〈S†n−k,k(v)Sn−k−1,k+1(w)σ
−n−1
2
n (0)σ
n+1
2
n (a)〉. (4.10)
To summarize, in order to calculate the general four point function (4.3), one has to evaluate
two basic correlators (defined by (4.8) and (4.9)), and use the rule (4.4). The basic correlators
will be evaluated in the section 6, and the complete expression for the general four point function
is derived in the Appendix E. The basic correlator can be reduced to a meromorphic function
of one complex variable, and in the next section we will discuss the behavior of this function
near its poles and its physical interpretation. These results will be used in section 6 to recover
the correlators.
5 Basic correlators and three–point functions
To evaluate the basic correlators (4.8) and (4.9), we begin with reducing them to functions of
one complex variable and studying analytic properties of such functions. Conformal invariance
determines (4.8) and (4.9) up to a function of one complex cross ratio x,
x =
v(w − a)
w(v − a) . (5.1)
As shown in the Appendix B, the relevant x–dependent combination is
f(n, l, k|P, p;Q, q|x) ≡ 〈Sn−l,l(v)S†n−k,k(w)
[
(J−0 )
pσPn
]
(0)
[
(J+0 )
qσQ†n
]
(a)〉
× v−(Q−2P−n/4)/3w−(Q−2P−n/4)/3(w − a)(2Q−P+n/4)/3
× (−a)(2P+2Q−n/2)/3(v − w)(n−P−Q)/3(v − a)(2Q−P+n/4)/3 (5.2)
Here the first three parameters of f appear in the spin operators, the next four describe charges
of the twist operators, and the last parameter is the cross ratio.
Function f(x) depends on one complex variable, it has singularities only at x = 0, 1,∞;
furthermore, these singularities are poles. Thus we can determine f by finding the orders and
residues for these poles. It turns out that we will only need the residue of the leading pole at
each singular point – this fact leads to a great simplification in the calculation. To find the
orders and residues for the poles, we will examine the OPE where two of the insertions in the
4-point function approach each other, identify the leading operator appearing in this OPE, and
evaluate the corresponding fusion coefficient.
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5.1 Four point function and operator product expansions.
We begin with expressing the correlator
〈Sn−k,k(v)S†n−k,k(w)σQn (0)σQ†n (a)〉. (5.3)
in terms of fusion coefficients. It is convenient to place one operator at infinity, in which case
we must consider the ratio
lim
a→∞
〈Sn−k,k(v)S†n−k,k(w)σQn (0)σQ†n (a)〉
〈σQn (0)σQ†n (a)〉
(5.4)
To establish notation we recall the following elementary steps valid for any CFT. Suppose
one wants to evaluate the ratio:
〈A(w)B(v)C(0)D†(∞)〉
〈D(0)D†(∞)〉 (5.5)
Consider the OPE
B(v)C(0) =
∑
i
CB,C,iv
−∆B−∆C+∆iAi(0), (5.6)
where ∆i is a conformal dimension of Ai. We assume that the set of operators appearing on
the rhs of (5.6) is orthonormal:
〈Ai(0)A†j(1)〉 = δij . (5.7)
Then substituting the expansion (5.6) and an analogous expansion for A(z)D†(0) into (5.5), we
get:
〈A(w)B(v)C(0)D†(∞)〉
〈D(0)D†(∞)〉 =
∑
i
CB,C,iv
−∆B−∆C+∆i 〈A(w)Ai(0)D†(∞)〉
〈D(0)D†(∞)〉
=
∑
i
CB,C,i
(
CA†,D,i
)∗
v−∆B−∆C+∆iw−∆i−∆A+∆D (5.8)
In particular, if one is interested in the limit of v/w ≪ 1, then the leading contribution arises
from the operator Ai with the lowest possible dimension. In the next subsection we will evaluate
such a leading contribution for the OPE involving a spin operator and a twist operator.
5.2 OPE of twist operator with spin operator.
As shown in the Appendix C, the leading contributions to the OPEs of twist operators and
spin operators are given by (see (C.27), (C.16)):
Sk,n−k(w)σ
n+1
2
n (0) = C(n, k,
n+ 1
2
)w−
n+1
2
+kAn,k(0) +O(w−
n+1
2
+k+1), (5.9)
Sk,n−k(w)σ
n−1
2
n (0) = C(n, k,
n− 1
2
)w−
n−1
2
−n
4
+(n
4
−1+k)An,k−1(0) +O(w−
n−1
2
+k) (5.10)
Operators An,k in the rhs of these expressions are normalized,
〈An,k(0)A†n,k(z)〉 = z−2∆n,k , (5.11)
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Sk,n−k
σ
n+1
2
n
An,k ✲
σ
n+1
2
n
Sk,n−k An,k
(a) (b)
Figure 3: (a) Three–point function involving the ‘intermediate state’ in the CFT.
(b) Interpretation of the same process in terms of multiwound string.
their dimensions ∆n,k and SU(2) quantum numbers (j, j3) are
∆n,k =
n
4
+ k, j3 = j = k +
1
2
(5.12)
The fusion coefficients are given by (C.18) and (C.29),
C(n, k,
n+ 1
2
) =
(
n− k
n
)1/2
, C(n, k,
n− 1
2
) = −
(
k
n
)1/2
. (5.13)
We will also present the expression for the image of An,k in the covering t plane (see (C.11),
(C.26)):
Aˆn,k(0) =
(
(n− k − 1)!
k!(n − 1)!
)1/2 (
Jˆ+−n
)k [
: exp
(
i
2
eaΦ
a(0)
)
:
]
. (5.14)
Using the explicit form of the map z = tn (see (C.2)), the last expression can be rewritten in
terms of the operators in the original z plane:
An,k(0) =
(
(n− k − 1)!
k!(n− 1)!
)1/2 (
J+−1
)kAn,0(0) (5.15)
Fusion coefficients (5.13) supply all necessary information for evaluating the four–point function
(5.3) using (5.8), and the relevant computation will be discussed in the next section. We
conclude this section by describing the nature of the operators A that arise from the OPE of
spin operators S and chiral twist operators σ.
5.3 The operators corresponding to ‘intermediate states’
Figure 4 shows that the 4-point function (5.3) can be decomposed into 3-point functions Sσ →
A, A → σS, where the operators A define the ‘intermediate state’ that travels up the cylinder
between the σ insertions. As mentioned above, the leading part of the OPE Sσ ∼ A is sufficient
to reconstruct the 4-point function 〈SσσS〉, so the operators An,k in eq. (5.15) are of central
interest in our analysis.
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It is convenient to begin with considering the case k = 0, i.e., to look at the OPE
S0,n(w)σ
n+1
2
n (0) ∼ w−n+12 An,0(0). (5.16)
The operator An,0 has charge
j =
1
2
(5.17)
and dimension
∆ =
n
4
(5.18)
The operator An,0 possesses the ‘topological characteristics’ of both the spin field S and the
chiral twist operator σ. The operator σ
n+1
2
n joins n copies of the c = 6 CFT on a unit to give
one copy of the c = 6 theory on an circle of length n. The spin operator S0,n acts within each
copy of the c = 6 CFT but changes the boundary conditions of the fermions from the NS type
to R type. A little inspection shows that the operator An,0 creates the R vacuum of the c = 6
CFT obtained by joining together n copies of the c = 6 CFT.
This fact can be seen in more detail as follows. We note that operator An,0 has been
constructed by passing to the n-fold cover of the z space by the map z ∼ tn, and then inserting
the operator e
i
2
eaΦa . The twist, given by the map to the cover, tells us that the state created
by An,0 belongs to the c = 6 CFT obtained by joining together n copies of the c = 6 CFT. The
vertex insertion makes the fermions in the t space anti-periodic around the origin. The charge
j = 1/2 of the vertex insertion is the just the charge of the R ground state of a c = 6 theory.
The same argument implies that the general intermediate state represented by operator
An,k = (J−1)kAn,0 (5.19)
with k > 0 creates an excited state in the Ramond sector (J−1 raises the energy of the Ramond
vacuum An,0). We recall that ground states in the Ramond sector have a useful representation
in terms of a multiwound string, in particular the vacuum An,0 is represented by a string with
winding n. This leads to a pictorial representation of the excited state An,k given in figure 3(b).
6 Evaluation of the basic correlators.
Now we will use the properties of the intermediate state discussed in the previous section
to characterize the singularities of the four point functions (4.8), (4.9), this will allow us to
determine these correlators. For technical reasons, it is convenient to have a separate discussion
of three branches, but there is no conceptual difference between these cases.
6.1 Evaluation of the basic correlator with P = Q = n+1
2
.
We begin with evaluation of the basic correlator (4.8) for Q = n+12 . It is convenient to start
with the ratio
F(n, k, n+ 1
2
|v,w) ≡ 〈Sn−k,k(v)S
†
n−k,k(w)σ
n+1
2
n (0)σ
n+1
2
†
n (∞)〉
〈σ
n+1
2
n (0)σ
n+1
2
†
n (∞)〉
(6.1)
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σ†
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σ†
S
σ†
σ
S†
S
σ
σ†
S†
(a) (b)
Figure 4: (a) The 4—point function evaluated in this article.
(b) The limits used to recover this function.
and restore a–dependence using the general properties of CFT. Function (6.1) is analytic in the
v plane, and the only potential singularities occur if v goes to 0, w or ∞. Since F is essentially
a function of the cross ratio x = v/w (apart from a known overall factor), the limit v → ∞
is the same as w → 0. Thus the only possible singularities of the holomorphic function F are
located at v = w, v = 0, w = 0, and we now analyze the behavior of F near these points.
1. In the limit v → w, the spin operators merge together, and at leading order they produce
the NS vacuum:
Sn−k,k(v)S
†
n−k,k(w) =
1
(v − w)n/2 + . . . . (6.2)
This determines one of the asymptotics of F :
F(n, k, n+ 1
2
|v,w) = 1
(v −w)n/2 +O
(
1
(v − w)n/2−1
)
. (6.3)
2. In the limit w→ 0, the relation (5.8) gives
F(n, k, n+ 1
2
|w, v) =
∑
i
∣∣∣∣Ci(n, k, n+ 12 )
∣∣∣∣2w−n+12 −n4+∆iv n+12 −n4−∆i
=
n− k
n
w−
n+1
2
+kv
1
2
−k +O(w−
n+1
2
+k+1) (6.4)
For the leading order term in w we have used the dimension and fusion coefficient given
by (C.17) and (C.18).
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3. Proceeding in the same way for v → 0 we get
F(n, k, n+ 1
2
|w, v) = (−1)−n/2 k
n
v−
n+1
2
+n−kw
1
2
−n+k +O(v
n−1
2
−k+1) (6.5)
4. Knowing the poles of the analytic function F as well as the residues (6.3), (6.4), (6.5), we
can determine the complete function
F(n, k, n+ 1
2
|v,w) = (v − w)−n/2w−n+12 +kv−n+12 +n−k
(
n− k
n
v +
k
n
w
)
. (6.6)
To compare with (B.7) we substitute the value of F in (6.1) :
〈Sn−k,k(v)S†n−k,k(w)σ
n+1
2
n (0)σ
n+1
2
†
n (∞)〉
〈σ
n+1
2
n (0)σ
n+1
2
†
n (∞)〉
= w−n/2x−n/12−(n+1)/6(x− 1)1/3
×(x− 1)−n/2−1/3x3n/4−1/3−k (n− k)x+ k
n
(6.7)
Thus we finally find the function f which depends on the cross ratio (see (5.2)):
f(n, k, k|n+ 1
2
, 0;
n+ 1
2
, 0|x) = (−1)n+1(x− 1)−n/2−1/3x3n/4−1/3−k (n− k)x+ k
n
. (6.8)
6.2 Evaluation of the basic correlator with P = Q = n−1
2
.
As in the previous subsection we define:
F(n, k, n− 1
2
|v,w) ≡ 〈Sn−k,k(v)S
†
n−k,k(w)σ
n−1
2
n (0)σ
n−1
2
†
n (∞)〉
〈σ
n−1
2
n (0)σ
n−1
2
†
n (∞)〉
(6.9)
The asymptotics of this expression are:
F(n, k, n− 1
2
|v,w) = 1
(v − w)n/2 +O
(
1
(v − w)n/2−1
)
, (6.10)
F(n, k, n− 1
2
|v,w) = (−1)−n/2n− k
n
v−
n+1
2
+n−kw
1
2
−n+k +O(v
n−1
2
−k+1), (6.11)
F(n, k, n− 1
2
|w, v) = k
n
w−
n+1
2
+kv
1
2
−k +O(w−
n+1
2
+k+1) (6.12)
This produces the unique expression for functions F and f :
F(n, k, n− 1
2
|w, v) = (v − w)−n/2w−n+12 +kv−n+12 +n−k
(
k
n
v +
n− k
n
w
)
,
f(n, k, k|n− 1
2
, 0;
n− 1
2
, 0|x) = (−1)n−1(x− 1)−n/2+1/3x3n/4−2/3−k kx+ n− k
n
(6.13)
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6.3 Evaluation of the basic correlator for P 6= Q.
To evaluate the correlation function (4.9), we define a function of two complex variables:
G(n, k, n− 1
2
|v,w) ≡ 〈Sn−k,k(v)S
†
n−k−1,k+1(w)σ
n−1
2
n (0)σ
n+1
2
†
n (∞)〉
〈σ
n+1
2
n (0)σ
n+1
2
†
n (∞)〉
.
In the limit of w → 0 one has an expansion
G(n, k, n− 1
2
|v,w) =
∑
i
Ci(n, k + 1,
n− 1
2
)C¯i(n, k,
n+ 1
2
)w−
n−1
2
−n
4
+∆iv
n−1
2
−n
4
+1−∆i ,
and the leading contribution to the right–hand side comes from the exchange by An,k, which is
the lightest operator produced in the OPE S†n−1−k,k+1(w)σ
n−1
2
n (0). The fusion rules (5.9) give
the leading singularity in G,
G(n, k, n− 1
2
|v,w) = −
√
(k + 1)(n− k)
n
w−(n−1)/2+kv1/2−k +O(w−n/2+3/2+k). (6.14)
Applying similar arguments in the limit of small v, we get:
G(n, k, n− 1
2
|w, v) =
√
(k + 1)(n − k)
n
(−1)−n/2vn/2−1/2−kw3/2−n+k +O(vn/2+1/2−k). (6.15)
To find the order of the pole8 at v = w, we look at the OPE
Sn−k,k(v)S
†
n−k−1,k+1(w) ∼
[(
J−0
)k
Sn,0(v)
] [(
J+0
)k+1
S†n,0(v)
]
∼
(
J−0
)k {
Sn,0(v)
[
J+0 S
†
n,0(w)
]}
∼ (v − w)−n/2+1. (6.16)
In this expression we dropped all numerical coefficients and at the last step we also used the
expression for J+0 S
†
n,0(w),
J+0 S
†
n,0(w) = J
+
0
n∏
j=1
: exp
(
i
2
eaφ
a
j (z)
)
:
= : exp
(
− i
2
eaφ
a
1(z)
) n∏
j=2
exp
(
i
2
eaφ
a
j (z)
)
: + permutations
Collecting information about the limits of G, we finally get
〈Sn−k,k(v)S†n−k−1,k+1(w)σ
n−1
2
n (0)σ
n+1
2
†
n (∞)〉
〈σ
n+1
2
n (0)σ
n+1
2
†
n (∞)〉
(6.17)
= −
√
(k + 1)(n − k)
n
w−n/2+1
(
v
v − w
)n/2−1 ( v
w
)1/2−k
≡ (−1)−nw1−n/2x−n/4+1/2f(n, k, k + 1|n − 1
2
, 0;
n+ 1
2
, 0|x).
8It turns out that we do not need its residue.
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The last line is an application the general relation (B.7) to the present case. This leads to the
final expression for function f :
f(n, k, k + 1|n− 1
2
, 0;
n+ 1
2
, 0|x) = (−1)n+1
√
(k + 1)(n − k)
n
x3n/4−1−k(x− 1)−n/2+1. (6.18)
7 The results for the four point functions.
In the previous section we have evaluated the basic correlators containing two spin and two
twist operators, i.e. we considered the special case of (anti)chiral twist operators σQn and σ
Q†
n .
To obtain the result for the general four point functions containing two spin and two twist
operators one can take the result of the previous section and use some combinatorics. The
details are presented in the appendices D and E.
We have been focusing on the case when the order of the twist operator σn is the same
as the order of permutation group Sn. As discussed in section 4, in the more general case of
SN orbifold with N > n, the answer can be written as a series of correlation functions on Sn
orbifold. However in the case of the special correlator (A.10) the series (4.1) contains only one
term, and in this section we will present the four point functions for this case.
1. The result for P = Q = n+12 .
Performing the combinatorial analysis presented in the appendix E.2, one deduces the ex-
pression (E.13) for the relevant function f , which depends on the cross–ratio (5.1). Using the
general relation (5.2) between such function and the corresponding correlator on Sn orbifold
and the reduction formula (4.1), we find
〈SN,0(v)S†N−k,k(w)
(
(J−0 )
pσ
n+1
2
n
)
(0)
(
(J+0 )
qσ
n+1
2
†
n
)
(a)〉 = (−1)q+n+k+1
×
(
(N − k)!k!
N !
) 1
2 (k + q)!(n− 1)!
k!(n+ 1− k − q)!(v − w)
−N/2
(
vwa2(a− v)(a− w)
(v − w)2
)−n/4−1/6
×(x− 1)−n/2−1/3x3n/4−1/3
(
1 + x
x
)k
(7.1)
×
(
n+ 1− k − y ∂
∂y
){
nx+ k
1− x
1 + x
+
1− x
1 + x
y
∂
∂y
}
(1 + y)q
∣∣∣∣
y=− 1+x
x
2. The result for P = Q = n−12 .
Proceeding as before and using (E.17) instead of (E.13), we get
〈SN,0(v)S†N−k,k(w)
(
(J−0 )
pσ
n−1
2
n
)
(0)
(
(J+0 )
qσ
n−1
2
†
n
)
(a)〉 = (−1)q+n+k+1
×
(
(N − k)!
N !
) 1
2 (k + q)!√
k!
(n− 1)!(n − k)−1
(n− 1− k − q)!
×(v −w)−N/2
(
vwa2(a− v)(a− w)
(v − w)2
)−n/4+1/6
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×(x− 1)1/3−n/2x3n/4−2/3
(
1 + x
x
)k
(7.2)
×
{
n+
x− 1
x+ 1
(
k + y
∂
∂y
)}
F (−q, k−l−n; k−l−n+1; y)
∣∣∣∣
y=− 1+x
x
3. The result for P = n−12 , Q =
n+1
2 .
Equation (E.20) gives
〈SN,0(v)S†N−k,k(w)
(
(J−0 )
pσ
n−1
2
n
)
(0)
(
(J+0 )
qσ
n+1
2
†
n
)
(a)〉 = (−1)q+k+n
×
(
(N − k)!
N !
) 1
2 p!(n− 1)!
(n− 1− p)!√k!
×(v − w)−N/2
(
vwa2(a− v)(a− w)
(v − w)2
)−n/4 (
vw
(a− v)(a− w)
)1/2
(7.3)
×(x− 1)−n/2+1x3n/4−1
(
1 + x
x
)k−1 (
k + y
∂
∂y
)
(1 + y)q
∣∣∣∣∣
y=− 1+x
x
8 The physical amplitude
After evaluating the CFT amplitude that corresponds to the absorption and subsequent emis-
sion of a quantum, we would like to place this computation in its physical context. The initial
state |i〉 depicted in figure 1(a) represents a D1–D5 bound state obtained by wrapping D1
branes on S1 and D5 branes on S1 × T 4. This bound state gives an effective string in the
direction S1, and we assume that the radius Ry of this S
1 is large. The low energy dynamics
of the bound state gives a 1+1 dimensional CFT. Figure 1(b) represents the correlator in this
theory that is relevant to our process of interest. Section 7 presents the results for the required
4-point function in the plane. In section 8.1 we will carry out the map to the cylinder which is
depicted in figure 1(b).
The correlation function on the cylinder is related to the gravity amplitude depicted in
figure 1(a). The full spacetime evolution takes place in a six–dimensional space containing time
t, the y coordinate along S1, the radial direction r, and the angular coordinates (θ, ψ, φ) that
make an S3 surrounding the effective string9. For convenience, we place a boundary at some
large radius r = R1, and the limit R1 → ∞ will be taken at the end. The geometry created
by the branes is flat space for R1 > r ≫
√
Q, there is a ‘neck’ region for r ∼ √Q, and an
AdS3 × S3 region for r≪
√
Q.
We wish to consider a process where quanta are incident onto the effective string from the
flat spacetime region of large r. Such a quantum can get absorbed by the effective string, and
after some time there can be a re-emission process where a quantum is radiated back to the
flat spacetime region. The physics of the effective string is captured by the CFT. Our task is
to relate the amplitude computed in the CFT (on the cylinder) to the full physical process of
interest. In section 8.2 we will use the general procedure developed in [20] which relates CFT
correlators to the full process of emission/absorption from the D-brane system.
9We have dimensionally reduced on the T 4 since nothing depends on the torus directions.
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8.1 Map to the cylinder.
We begin by translating the amplitude on the plane given in section 7 to the CFT amplitudes
on the cylinder shown in figure 1(b). In the complex plane, the Ramond vacua are described
by the insertion of appropriate spin operators at definite points. In the cylinder description,
the Ramond vacuum states |i〉 and |f〉 are represented by specifying appropriate boundary
conditions on the two ends of the cylinder depicted in figure 1(b).
We take the map from the cylinder coordinate w to the sphere coordinate z,
z = ew. (8.1)
Under this map an operator B on the plane goes to an operator on the cylinder; we denote the
latter by B˜. Starting with a general four point function on the sphere,
〈SN,0(z1)S†N−k,k(z2)B3(z3)B4(z4)〉, (8.2)
we consider the limit when the spin operators in (8.2) are placed at w = ±∞ on the cylinder.
Then we have
w1 → −∞, w2 →∞, x→ z4
z3
= ew4−w3 . (8.3)
Using the standard transformation rules for the operators in CFT, we find the expression for a
two–point function on the cylinder with specific boundary conditions at w → ±∞:
〈N, 0|B˜3(w3)B˜4(w4)|N − k, k〉 ≡ lim
w2,1→±∞
〈S˜N,0(w1)S˜†N−k,k(w2)B˜3(w3)B˜4(w4)〉e−∆1w1+∆2w2
= (−1)∆/3−2∆1−∆3−∆4e(∆/3−∆1)(w3+w4) (ew4 − ew3)∆/3−∆3−∆4 fN(ew4−w3). (8.4)
Here ∆1 = ∆2 = N/4, ∆ = N/2 + ∆3 +∆4, ∆3 and ∆4 are dimensions of B3 and B4. We are
interested in the case where B3 and B4 are rotated twist operators of order n. Then equation
(4.1) reduces the calculation to one for the case where we have an Sn orbifold
fN (e
w4−w3) =
[
(N − k)!n!
N !(n − k)!
] 1
2
f(ew4−w3) (8.5)
and the functions f are given by (E.13) (E.17), (E.20). In the following subsections, we will
express the gravity amplitude in terms of the two–point function (8.4).
8.2 Evaluation of the gravity amplitude
In this subsection we will use the general analysis of [20] to extract the gravitational amplitude
shown in figure 1(a). For details of notation etc. we refer the reader to [20].
The supergravity quanta are absorbed and emitted in definite partial waves, so we begin by
expanding the relevant supergravity field in spherical modes:
φˆ =
∑
p,k
∑
l,m,m′
( 1√
2ωp,k
φlmm
′
p,k (r)Ylmm′(θ, ψ, φ)e
−iωp,ktaˆp,k
+
1√
2ωp,k
(φlmm
′
p,k )
∗(r)Y ∗lmm′(θ, ψ, φ)e
iωp,ktaˆ†p,k
)
(8.6)
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Here Ylmm′ are the tensor spherical harmonics for the appropriate supergravity field, which are
normalized by ∫
|Ylmm′ |2dΩ = 1, (8.7)
and indices n, k correspond to the radial quantum number and the momentum in the y direction
respectively.
To make contact with the CFT description, place a boundary surface at a location r = rb in-
side the AdS3 region (i.e., rb ≪
√
Q). The coupling of the gravity quantum to the corresponding
operator Oˆ in the CFT is then [20]
Sint = −cl
∫ √−g2dtdy[∂lφlmm′p,k ]∣∣∣r=0Oˆ(t, y) (8.8)
where g =
r2b
Q is the determinant of the 2-d metric on the CFT surface, and [∂
lφlmm
′
p,k ]
∣∣∣
r=0
is
defined so that as r → 0
φlmm
′
p,k ≈ [∂lφlmm
′
p,k ]
∣∣∣
r=0
rlYlmm′(Ω) (8.9)
The constant cl is
cl =
[
Q2h(2h − 1)2(2π)4V
8π2G
] 1
2
r2h−2b (8.10)
where we note that for the gravity modes under consideration, the field is undistorted in the
‘neck’ and so the factor bl in [20] is unity.
Consider a supergravity quantum in the gravity mode φlmm
′
p,k . This quantum can be absorbed
into the CFT degrees of freedom through the operator Oˆ. At some later time, another gravity
mode φlm˜m˜
′
p˜,k˜
can be emitted from the CFT in the interval dy2dt2 around the point (y2, t2). Let
us denote the amplitude for such two–step process by A. To evaluate this amplitude, we need
the following ingredients.
1. The interaction (8.8) gives a 2-point function 〈O(y1, t1)O˜(y2, t2)〉, which has been evalu-
ated in the last subsection10. However, we should note that (8.4) gives the correlator on
a unit cylinder with circumference 2π, while here we work with CFT on the y circle with
length Ly = 2π
rb√
Q
Ry (see [20]). This gives
〈O(y1, t1)O˜(y2, t2)〉 = 1
[ rb√
Q
|y1 − y2|]4h 〈O(y1, t1)O˜(y2, t2)〉unit (8.11)
where the subscript ‘unit’ on the rhs refers to the correlator (8.4) on the unit cylinder.
2. The absorption and emission of quanta happen due to the coupling (8.8); this gives the
factor
[∂lφlmm
′
p,k ]
∣∣∣
r=0
[∂lφlm˜m˜
′
p˜,k˜
]
∣∣∣
r=0
c2l
(
r2b
Q
)2
(8.12)
in the gravity amplitude. Here cl given by (8.10).
10One should also specify the appropriate initial and final Ramond ground states as in (8.4), but we omit this
specification to shorten the expressions.
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3. The field operators for the gravity field give the phase space factors
1√
2ωp,k
1√
2ωp˜,k˜
e−iωp,kt1eiky1eiωp˜,k˜t2e−ik˜y2dy1dt1dy2dt2 (8.13)
Putting all this together, we find
A = 1√
2ωp,k
1√
2ωp˜,k˜
e−iωp,kt1eiky1eiωp˜,k˜t2e−ik˜y2dy1dt1dy2dt2
× 1|y1 − y2|4hQ
4h−2 (2h − 1)2(2π)4V
8π2G
[∂lφlmm
′
p,k ]
∣∣∣
r=0
[∂lφlm˜m˜
′
p˜,k˜
]
∣∣∣
r=0
× 〈O(y1, t1)O˜(y2, t2)〉unit (8.14)
Here h is the dimension of the twist, and the 2-point function between the initial and final
Ramond ground states is given by (8.4). We recall that equations (8.4) and (8.5) refer to our
main results (E.13) (E.17), (E.20) (or, alternatively, (7.1), (7.2)).
To get the final correlator, we put the supergravity quanta in wavepackets around the
locations y1, y2; these wavepakets are narrow in the y direction (where their width is much
smaller than |y1 − y2|) and in the the momentum space (where they are picked around k =
0, k˜ = 0 with width ∆)11. This leads to the physical amplitude
∆2
π
∫ ∞
−∞
∫ ∞
−∞
dkdk˜ exp
[
− k
2
∆2
− k˜
2
∆2
]
A (8.15)
To recap, this expression gives the amplitude for the process where a supergravity quantum in
one spherical harmonic hits the D1–D5 bound state in a wavepacket localized around y = y1,
and emerges with a different harmonic in a wavepacket localized around y = y2.
8.3 Large N behavior of the amplitude
Although the two–point function entering the gravity amplitude (8.14) is rather complicated,
an important physical effect can be extracted from its scaling with N , which is given by the
combinatorial factor in (8.5):
Ak,k¯ ∼ N−(k+k¯)/2 (8.16)
In particular, we find that the amplitude for going to the final state rotated by k = k¯ units is
suppressed as N−k. In this paper we considered a transition to a very special state (which is
a rotation of the initial vacuum), but if such suppression persists for more general final states,
it would have important consequences for the dynamics of black holes: it would imply that are
given state of a hole cannot transition to all eS states.
To investigate this question further, in appendix F we analyzed a large N behavior of a
more general amplitude. As in (8.4), we took the initial Ramond vacuum to be the highest
11These requirements are compatible since we take |y1−y2| large compared to the wavelength of the supergravity
quanta.
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weight state with j = j¯ = N2 , but we allowed the final vacuum to have different SU(2)×SU(2)
quantum numbers12. Notice that the final state in (8.4), (8.5) has
j =
N
2
, j3 =
N
2
− k; j¯ = N
2
, j¯3 =
N
2
− k¯. (8.17)
In appendix F we analyzed the transitions to the Ramond vacua with
j, j3 =
N
2
− k; j¯, j¯3 = N
2
− k¯. (8.18)
and we found that only states with j = j¯ are allowed, and the scaling of the transition amplitude
is given by (F.4):
Aj,k;j,k¯ ∼ N−(k+k¯)/2N (
N
2
−j)/2 (8.19)
Since j3 ≤ j and j¯3 ≤ j¯3, we find that
j ≥ N
2
−min(k, k¯), (8.20)
and for given k, k¯ the minimal suppression happens when the last inequality is saturated. For
example, if k = k¯, then the minimal suppression is
AN
2
−k,k;N
2
−k,k ∼ N−k/2. (8.21)
To summarize, we found that a transition from a Ramond vacuum with j0 = j¯0 =
N
2
can only happen to a vacuum with j = j¯, and the relevant amplitude scales as (8.19), where
k = |∆j3|, k¯ = |∆j¯3|. For a given value of k = k¯, the suppression becomes minimal if j = N2 −k,
and it is given by (8.21).
9 Discussion
One of the most important features of a black hole is a large number of degenerate states.
Thus a quantum can fall into a hole in one state and emerge later in some other mode, while
changing the state of the black hole as well. To study the dynamics of the Hawking radiation,
one should get a better understanding of this absorption/emission process, in particular, one
should determine whether the full space of degenerate states is being explored, or gravitational
quanta can only cause transitions between ‘nearby states’ of the black hole.
The simplest absorption/emission process does not change states of the black hole and of the
infalling quantum. The relevant amplitude can be computed by solving the wave equation for
the quantum on the background geometry produced by the black hole microstate; for the state
discussed here, this computation was done in [21]. For more complicated processes, where the
quantum and the black hole state change their spins, the gravity computation becomes more
involved since it requires a gravitational coupling vertex. Rather than solving this problem
at strong coupling, we analyzed its counterpart at weak coupling by going to the dual CFT,
12The initial state can always be chosen to be the highest weight state by performing SU(2)×SU(2) rotation,
so the only assumption is j = j¯ = N
2
.
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and one may hope that general features of the scattering matrix would be similar in the two
limits. It would be very interesting to perform an independent gravity calculation and to see
whether a remarkable agreement between the CFT and gravity correlators [15, 13] persists for
the amplitudes derived here. Alternatively, one can try to find corrections to our results caused
by the deformation from the free orbifold CFT following the ideas of [22].
In this paper we studied transitions between the Ramond vacuum with largest allowed spin
and its SU(2)×SU(2) rotations. We found that the black hole does not jump between different
degenerate states with equal probability. In particular, the amplitude for the spin of the hole to
change by k units is suppressed by 1/Nk. In section 8.3 we studied the large N scaling for more
general transitions from the maximally rotated state, and we found that for the given value of
k, it is the transition to the state with the lowest allowed angular momentum that dominates,
although its amplitude is still suppressed by 1/Nk/2 relative to the trivial case. These results
are in line with the expectation that the transition which does not alter the state of the hole
has the maximal amplitude: this case corresponds to propagation of the infalling quantum on
the background geometry of the microstate. Scaling of amplitudes by different powers of N
suggests that some pairs of microstates are ‘close’, and other pairs are ‘far away’ in the set
of all Ramond vacua, and it would be interesting to find an ‘effective metric’ to quantify this
distinction by extending our results to arbitrary initial states.
We should note that the initial state studied in this paper is very special: it has the maximal
spin allowed for the D1–D5 system, so any transition to another state is accompanied by a
change in angular momentum, which eventually led to the suppression of the corresponding
amplitude. In the generic case, we expect to find more Ramond vacua in the ‘vicinity’ of the
initial state, so it should become very easy for the black hole to change its state when hit by an
infalling quantum. It would be interesting to repeat our analysis for generic initial states and
to find the ‘effective metric’ on the space of all Ramond vacua.
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A Reduction from the SN orbifold theory to an Sn orbifold the-
ory.
In this appendix we will derive the relation (4.1) which reduces the evaluation of correlation
function (3.1) on MN/SN orbifold to computation in M
n/Sn theory.
In the correlation function (3.1) the spin fields S change the boundary condition for fermionic
variables from NS to R for all N copies of the theory. The twist operators, on the other hand,
permute only n copies of the c = 6 CFT. It would be desirable to derive the expression for (3.1)
which contains only the n copies involved in the permutation. Let us assume that the twist
operators σn permute the fields φ
a
1(z), . . . , φ
a
n(z). Then it is convenient to split the operator
SN,0(z) involved in the definition (2.24) of the SN−k,k into two separate parts:
SN,0(z) =
n∏
j=1
: exp
(
i
2
eaφ
a
j (z)
)
:
N∏
j=n+1
: exp
(
i
2
eaφ
a
j (z)
)
: (A.1)
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where we have used the definition (2.23) of SN,0. Let us introduce the following shorthand
notation for the two terms involved in the above expression:
S˜
(1)
n,0(z) ≡
n∏
j=1
: exp
(
i
2
eaφ
a
j (z)
)
:, (A.2)
S˜
(2)
N−n,0(z) ≡
N∏
j=n+1
: exp
(
i
2
eaφ
a
j (z)
)
: (A.3)
These two operators have a simple meaning. Operator (A.2) is a spin operator in CFT formed
by the fields φa1(z), . . . , φ
a
n(z), and (A.3) is a spin operator in CFT containing the remaining
copies: φan+1(z), . . . , φ
a
N (z). These are the special spin operators which have a maximal value of
j3: j3 = j = n/2 for S˜
(1)
n,0 and j3 = j = (N−n)/2 for S˜(2)N−n,0. As in (2.24) we can construct more
general spin operators for both conformal field theories. To do this we first split the diagonal
components of the currents (2.1) into two contributions: one coming from the first n copies and
one coming from the remaining N −n copies of the theory. In particular, the expression for J−0
becomes:
J−(z) =
n∑
j=1
exp
(
−ieaφaj (z)
)
+
N∑
j=n+1
exp
(
−ieaφaj (z)
)
≡ J (1)−(z) + J (2)−(z) (A.4)
Then we can define the spin operators for the two CFTs in the same manner as we did it for
the complete theory in (2.24):
S˜
(1)
n−k,k(z) =
√
(n − k)!
k!n!
(
J
(1)−
0
)k
S˜
(1)
n,0(z), (A.5)
S˜
(2)
N−n−k,k(z) =
√
(N − n− k)!
k!(N − n)!
(
J
(2)−
0
)k
S˜
(1)
N−n,0(z). (A.6)
We can express SN−k,k given by (2.24) in terms of the above operators:
SN−k,k(z) =
√
(N − k)!
k!N !
(
J−0
)k (
S˜
(1)
n,0(z)S˜
(2)
N−n,0(z)
)
(A.7)
=
√
(N − k)!k!
N !
k∑
b=0
(
n!(N − n)!
(n + b− k)!(N − n− b)!b!(k − b)!
)1/2
S˜
(1)
n+b−k,k−b(z)S˜
(2)
N−n−b,b(z)
Let us now use the expansion (A.7) to simplify the correlator (3.1). Note that the two sets
of fields: (φa1, . . . , φ
a
n) and (φ
a
n+1, . . . , φ
a
N ) decouple. We get
〈SN−l,l(v)S†N−k,k(w)
(
(J−0 )
pσPn
)
(0)
(
(J+0 )
qσQ†n
)
(a)〉SN =
(
(N−k)!k!
N !
(N−l)!l!
N !
)1/2
×
k∑
b=0
l∑
c=0
(
n!(N − n)!
(n+b−k)!(N−n−b)!(k−b)!b!
)1/2 ( n!(N − n)!
(n+c−l)!(N−n−c)!(l−c)!c!
)1/2
×〈S˜(1)n+c−l,l−c(v)S˜(1)†n+b−k,k−b(w)
[
(J−0 )
pσPn
]
(w)
[
(J+0 )
qσQ†n
]
(a)〉Sn
×〈S˜(2)N−n−c,c(v)S˜(2)†N−n−b,b(w)〉SN−n (A.8)
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We have now obtained a sum of terms, where each term is a product of a correlator from the
first n copies of the c = 6 CFT and a correlator from the remaining N − n copies.
Using charge conservation and the normalization (2.25), we note:
〈S˜(2)N−n−c,c(v)S˜(2)†N−n−b,b(w)〉SN−n = δb,c(v − w)−(N−n)/2 (A.9)
Thus we see that the evaluation of our correlator is reduced to a computation in an Sn orbifold
CFT, rather than an SN orbifold CFT.
Once we have computed the correlators appearing on the rhs of (A.8) we can perform the
summation and obtain the desired 4-point function appearing on the lhs for any values of N , k
and l. However, using the global symmetry under SU(2) we can choose one of the four elements
in the correlator to have a SU(2) spin ‘pointing up’; i.e., have j3 = j. Thus it is sufficient to
evaluate l = 0:
〈SN,0(v)S†N−k,k(w)
(
(J−0 )
pσPn
)
(0)
(
(J+0 )
qσQ†n
)
(a)〉 (A.10)
where the incoming state of the system has been taken to have ‘spin up’.
For the correlation function (A.10) the summation in (A.8) contains only one term (b = 0),
and we get:
〈SN,0(v)S†N−k,k(w)
(
(J−0 )
pσPn
)
(0)
(
(J+0 )
qσQ†n
)
(a)〉SN = (v − w)−(N−n)/2
(
(N − k)!n!
N !(n − k)!
) 1
2
×〈S˜(1)n,0(v)S˜(1)†n−k,k(w)
(
(J−0 )
pσPn
)
(0)
(
(J+0 )
qσQ†n
)
(a)〉Sn (A.11)
As discussed in section 4, every term in the right-hand side of the last expression can be
reduced to the correlation function which has a form13
〈Sn−l,l(v)S†n−k,k(w)σPn (0)
(
(J+0 )
sσQ†n
)
(a)〉. (A.12)
In the remaining part of this appendix we will derive the relation (4.4) which gives a further
reduction of this correlator.
Since operator J+0 annihilates the highest weight state σ
P
n , we can rewrite the correlation
function (A.12) in the following form:
〈(J−0 )s
{
Sn−l,l(v)S
†
n−k,k(w)
}
σPn (0)σ
Q†
n (a)〉 (A.13)
=
s∑
p=0
s!
p!(s− p)!〈
{
(J−0 )
s−pSn−l,l(v)
}{
(J−0 )
pS†n−k,k(w)
}
σPn (0)σ
Q†
n (a)〉.
We should also note that the expressions in the curly brackets are proportional to spin fields
defined in (2.24):
(J−0 )
pSn−l,l(z) = (J−0 )
p
√
(n− l)!
l!n!
(J−0 )
lSn,0(z) =
√
(n− l)!(p+ l)!
(n− l − p)! l! Sn−l−p,l+p(z),
(J−0 )
pS†n−k,k(z) =
√
k!(p + n− k)!
(k − p)!(n − k)!S
†
n+p−k,k−p(z).
13This is accomplished by a global SU(2) rotation.
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Substituting these two expressions into (A.13), we can obtain the final result for (A.12):
〈Sn−l,l(v)S†n−k,k(w)σPn (0)
(
(J+0 )
sσQ†n
)
(a)〉
=
s∑
p=0
s!
p!(s− p)!
(
(n − k + p)!k!
(n− k)!(k − p)!
(n− l)!(s − p+ l)!
(n− l − s+ p)! l!
)1/2
(A.14)
×〈Sn−l−s+p,l+s−p(v)S†n−k+p,k−p(w)σPn (0)σQ†n (a)〉
B Four point function in terms of the cross ratio.
In this paper we are interested in computing the correlator
〈SN−l,l(v)S†N−k,k(w)
[
(J−0 )
pσPn
]
(0)
[
(J+0 )
qσQ†n
]
(a)〉. (B.1)
SL(2,C) invariance determines the 4-point correlator up to a function which depends only on
one cross–ratio
x =
v(w − a)
w(v − a) . (B.2)
Let us write the correlator (B.1) in terms of a function of this cross ratio. Using the general
properties of the four point functions in two dimensional CFT (see for example [23]), we get:
〈A1(v)A2(w)
[
(J−0 )
pσPn
]
(0)
[
(J+0 )
qσQ†n
]
(a)〉 = v(h2+Q−2P−2h1)/3w(h1+Q−2P−2h2)/3
× (−a)(h1+h2−2P−2Q)/3(v − w)(P+Q−2h1−2h2)/3(v − a)(−2Q−2h1+P+h2)/3 (B.3)
× (w − a)(−2Q−2h2+P+h1)/3f
(
v(w − a)
w(v − a)
)
In this expression h1 and h2 are conformal dimensions of A1 and A2 and we also used the fact
that by definition, the conformal dimension of σPn is equal to P .
In later calculations it will be convenient to put the two twist operators at z = 0 and at
z = ∞, so that the branching points of the map from the z space to the covering space are at
the ‘north’ and ‘south’ poles of the sphere. Thus we should look at the limit a → ∞. In this
case the cross ratio (B.2) becomes
x→ v
w
(B.4)
and we can extract the function f(x) from the limit:
lim
a→∞
〈A1(v)A2(w)
[
(J−0 )
pσPn
]
(0)
[
(J+0 )
qσQ†n
]
(a)〉
〈σQn (0)σQ†n (a)〉
= (−1)−P−QwQ−P−h1−h2 (B.5)
×
(
v
w
)(h2+Q−2P−2h1)/3
(
v
w
− 1)(P+Q−2h1−2h2)/3f
(
v
w
)
We will consider only the case when A1 and A2 are the spin operators. In this case it is
convenient to introduce a more explicit notation for the function of the cross ratio f(x):
f(n, l, k|P, p;Q, q|x) ≡ 〈Sn−l,l(v)S†n−k,k(w)
[
(J−0 )
pσPn
]
(0)
[
(J+0 )
qσQ†n
]
(a)〉
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× v−(Q−2P−n/4)/3w−(Q−2P−n/4)/3(w − a)(2Q−P+n/4)/3
× (−a)(2P+2Q−n/2)/3(v − w)(n−P−Q)/3(v − a)(2Q−P+n/4)/3 (B.6)
Then equation (B.5) for this case becomes:
lim
a→∞
〈Sn−l,l(v)S†n−k,k(w)
[
(J−0 )
pσPn
]
(0)
[
(J+0 )
qσQ†n
]
(a)〉
〈σQn (0)σQ†n (a)〉
= wQ−P−n/2 (B.7)
×(−1)−P−Q
(
v
w
)(Q−2P−n/4)/3
(
v
w
− 1)(P+Q−n)/3f
(
n, l, k|P, p;Q, q| v
w
)
C Computing OPE coefficients
In this appendix we will compute the leading contributions to the three–point functions which
appear in the expansion (5.8) for the four–point function (5.4). In particular, we will concentrate
on the last two channel depicted in figure 4(b), where twist operator comes close to the spin
operator.
C.1 Leading term in the OPE for Q = n+1
2
.
We begin with looking at an OPE of a spin operator Sk,n−k and a twist operator σ
n+1
2
n :
Sk,n−k(w)σ
n+1
2
n (0) =
∑
i
Ci(n, k,
n+ 1
2
)w−
n+1
2
−n
4
+∆iAi(0). (C.1)
Here we have introduced a self-evident notation for the fusion coefficient.
As mentioned before, our general method of evaluating quantities in the orbifold CFT is to
pass to the covering space, where we just get a c = 6 CFT, and operators in the z plane map
to appropriate operators in this latter CFT. The operators containing the twists are located at
z = 0, z =∞ (5.4). Thus we can go to the covering space using the map:
z = tn. (C.2)
The twist operator at the point z = 0 corresponds to the following insertion in the t plane:
σQn (0) → σˆQn (t = 0) = : exp (iQeaΦa(0)) : . (C.3)
The spin operator is located at z = w, but in the t plane this point has n different images14:
tj = rαj, r
n = w, αj = exp
(
2πij
n
)
, (C.4)
thus the image of the spin operator in the t plane is given by:
Sk,n−k(w) =
√
(n− k)!
k!n!
(
J+0
)k
S0,n(w)
→
√
(n− k)!
k!n!
(
Jˆ+0
)k n∏
j=1
(
dz
dt
)−1/4
t=rαj
: exp
(
− i
2
eaΦ
a(rαj)
)
: (C.5)
14Note that r is a complex number and not the absolute value of tj .
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Here we introduced a notation for the modes of the current in the t plane:
Jˆam =
∮
dt
2πi
tmJˆa(t). (C.6)
Due to the structure of the map (C.2), these operators are related to the modes in the z plane
in a simple way:
Jˆam = J
a
m/n. (C.7)
Bringing the spin and twist operators together and writing the exponentials as a single
normal ordered expression, we get:
Sk,n−k(w)σQn (0)→
√
(n− k)!
k!n!
r−Qnrn(n−1)/4nn/4
(
nrn−1
)−n/4
×
(
Jˆ+0
)k: exp

iQeaΦa(0)− n∑
j=1
i
2
eaΦ
a(rαj)

 :

 (C.8)
Then after writing out the current operators explicitly as contour integrals, we can extract the
leading power of w = rn for Q = n+12 :
Sk,n−k(w)σ
n+1
2
n (0)→√
(n− k)!
k!n!
r−
n(n+1)
2
+kn
{
k∏
m=1
∮
dtm
2πi
}{
k∏
m
t1−nm
}

k∏
l<m
(tl − tm)2


×
[
: exp
(
i
2
eaΦ
a(0) + iea
k∑
m
Φa(tm)
)
:
]
+O(w−
n+1
2
+k+1) (C.9)
We now observe that the contour integrals in the above expression are precisely those that
correspond to an application of k modes of Jˆ+−n:
Sk,n−k(w)σ
n+1
2
n (0)→√
(n− k)!
k!n!
r−
n(n+1)
2
+kn
(
Jˆ+−n
)k [
: exp
(
i
2
eaΦ
a(0)
)
:
]
+O(w−
n+1
2
+k+1) (C.10)
To evaluate the fusion coefficient for this case (we call it Ci(n, k,
n+1
2 )) we need to rewrite
the right hand side of the last expression in terms of the normalized operator A. In other words,
we have to calculate the norm of the state(
Jˆ+−n
)k [
: exp
(
i
2
eaΦ
a(0)
)
:
]
|0〉NS (C.11)
corresponding to the operator appearing on the right hand side of (C.10).
We will use the SU(2) algebra in order to evaluate the norm of the state. Let us label states
by their SU(2) quantum numbers |j,m〉. In this notation the state : exp
(
i
2eaΦ
a(0)
)
: |0〉NS
can be written as
|1
2
,
1
2
〉. (C.12)
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and the state (C.11) becomes (
Jˆ+−n
)k |1
2
,
1
2
〉 (C.13)
Then using the standard manipulation with SU(2) algebra, we find:
〈1
2
,
1
2
|
(
Jˆ−n
)k (
Jˆ+−n
)k |1
2
,
1
2
〉 = k!(n − 1)!
(n− k − 1)! . (C.14)
F (n, k) =
k!(n− 1)!
(n− k − 1)! (C.15)
This allows us to rewrite the operator corresponding to the state (C.11) in terms of a normalized
operator An,k:
Sk,n−k(w)σ
n+1
2
n (0) =
(
n− k
n
)1/2
w−
n+1
2
+kAn,k(0) +O(w−
n+1
2
+k+1) (C.16)
Thus the the dimension of the leading operator An,k in the OPE is:
∆n,k = k +
n
4
(C.17)
and the fusion coefficient is
C(n, k,
n+ 1
2
) =
(
n− k
n
)1/2
. (C.18)
We will also need the SU(2) quantum numbers of the state An,k:
j3 = k +
1
2
, j = k +
1
2
. (C.19)
They can be found by applying J30 and J
2 = J−0 J
+
0 + 2J
3
0 + (J
3
0 )
2 to the state (C.13).
C.2 Leading term in the OPE for Q = n−1
2
.
Let us now evaluate the leading term in the following OPE:
Sk,n−k(w)σ
n−1
2
n (0) =
∑
i
Ci(n, k,
n− 1
2
)w−
n−1
2
−n
4
+∆iAi(0) (C.20)
Unfortunately, in this case the direct extraction of the leading power from the analog of (C.8)
is more complicated, and we will find it convenient to proceed in a somewhat different manner.
Let us look at the images of σ
n±1
2
n on the covering space:
σˆ
n−1
2
n (0) = J
−
n σˆ
n+1
2
n (0). (C.21)
Substituting this into the left hand side of (C.20), we get
σˆ
n−1
2
n (0)Sˆk,n−k(r) =
∮
0
dt
2πi
tnJ−(t)σˆ
n+1
2
n (0)Sˆk,n−k(r)
= J−n
[
σˆ
n−1
2
n (0)Sˆk,n−k(r)
]
− σˆ
n+1
2
n (0)
∮
w1/n
dt
2πi
tnJ−(t)Sˆk,n−k(r) (C.22)
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Here
∮
w1/n means integration over the contour which goes around all images of the point z = w.
It will be helpful to look at the last expression in terms of operators on the z space:
∮
w1/n
dt
2πi
tnJ−(t)Sˆk,n−k(r)→
∮
w
dz
2πi
zJ−(z)Sk,n−k(w) = wJ
(z)−
0 Sk,n−k(w) (C.23)
The last obtained form is useful because the definitions of the Sk,n−k were already in a form
where operators J
(z)−
0 acted upon S0,n. Recalling the definition
Sk,n−k(w) = S
†
n−k,k(w) ==
√
k!
(n− k)!n!
(
J
(z)−
0
)n−k
Sn,0(w), (C.24)
we can rewrite the rhs of (C.23) as
wJ
(z)−
0 Sk,n−k(w) = w
√
k(n− k + 1)Sk−1,n−k+1(w) (C.25)
Substituting this into the OPE (C.22) one gets:
Sˆk,n−k(r)σˆ
n−1
2
n (0) = J
−
n
[
σˆ
n+1
2
n (0)Sˆk,n−k(r)
]
− rn
√
k(n− k + 1)σˆ
n+1
2
n (0)Sˆk−1,n−k+1(r)
We can now use the fusion rule for Sk,n−k with σ
n+1
2
n which has already been found in subsection
C.1. Then the above equation gives
Sˆk,n−k(r)σˆ
n−1
2
n (0) = −k
(
(n− k)!
n!k!
)1/2
r−
n(n+1)
2
+kn
(
J+−n
)k−1 |1
2
,
1
2
〉 (C.26)
where in the second step we have used the algebra of SU(2).
We see that we generate the same operators at leading order in the OPE as the ones that
appeared for the case of σ
n+1
2
n . The norm of the state on the rhs of (C.26) was evaluated in
subsection C.1, so for the OPE (C.20) we get
Sk,n−k(w)σ
n−1
2
n (0) ≈ C(n, k, n− 1
2
)w−
n−1
2
−n
4
+(n
4
−1+k)An,k−1(0) (C.27)
Thus the dimension of the leading operator in the OPE is
∆n,k−1 =
n
4
− 1 + k (C.28)
and the fusion coefficient is
C(n, k,
n− 1
2
) = −k
(
(n − k)!
n!k!
)1/2 ( (k − 1)!(n − 1)!
(n− k)!
)1/2
= −
(
k
n
)1/2
. (C.29)
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D Correlation function where one twist operator has j3 = −j.
Our main goal in this paper is to evaluate the four point function involving two twist operators
and two spin operators:
〈SN−l,l(v)S†N−k,k(w)
(
(J−0 )
pσPn
)
(0)
(
(J+0 )
qσQ†n
)
(a)〉. (D.1)
In section 4 we have shown that evaluation of such correlation functions for the SN orbifold
can be reduced to the calculation of the correlators:
〈Sn−l,l(v)S†n−k,k(w)
(
(J−0 )
sσPn
)
(w)σQ†n (a+ w)〉. (D.2)
for an Sn orbifold. Evaluation of this expression in turn can be reduced to calculation of
two “basic correlators” and some combinatoric factors. In section 6 we have presented the
expressions for “basic correlators” and here we will collect all this information together and
derive the result for (D.2). As before it will be convenient to consider the cases of P = Q and
P 6= Q separately.
D.1 Four point function with P = Q.
We begin with evaluation of the four point function:
〈Sn−l,l(v)S†n−k,k(w)σPn (0)
(
(J+0 )
sσP †n
)
(a)〉, (D.3)
where P takes the two possible values 12 (n± 1). Let us recall the expression for this four point
function in terms of basic correlators (4.4):
〈Sn−l,l(v)S†n−k,k(w)
(
(J−0 )
sσPn
)
(0)σP †n (a)〉
=
s∑
p=0
s!
p!(s− p)!
(
(n− k + p)!k!
(n− k)!(k − p)!
(n− l)!(s − p+ l)!
(n− l − s+ p)! l!
)1/2
(−1)s (D.4)
×〈Sn−l−s+p,l+s−p(v)S†n−k+p,k−p(w)σPn (0)σP †n (a)〉 (D.5)
=
(
k!(n − l)!
l!(n − k)!
)1/2 k−l∑
p=0
(−1)k−l(k − l)!
p!(k − l − p)! 〈Sn−k+p,k−p(v)S
†
n−k+p,k−p(w)σ
P
n (0)σ
P †
n (a)〉
At the last step we used the charge conservation which implies the relation between k, l and s:
s = k − l.
Since an application of J+0 does not change the dimension of an operator, we obtain the
same overall factors on both sides of this equation when expressing the correlators through
functions of the cross ratio; thus we can compare functions f
f(n, l, k|P, k − l;P, 0|x) =
(
k!(n − l)!
l!(n − k)!
)1/2
(−1)k−l
×
k−l∑
p=0
(k − l)!
p!(k − l − p)!f(n, k − p, k − p|P, 0;P, 0|x) (D.6)
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First take P = n+12 . In this case the correlation functions entering the rhs of (D.6) are given
by (6.8), and evaluating the sum in (D.6), we get:
f(n, l, k|n+ 1
2
, k − l; n+ 1
2
, 0|x) = 1
n
(
k!(n− l)!
l!(n− k)!
)1/2
(x− 1)−n/2−1/3x3n/4−1/3−k
×(1 + x)k−l
{
(n − l)x+ 2l − k + 2(k − l)
1 + x
}
(−1)k−l+n+1. (D.7)
The calculations for the case of P = (n − 1)/2 can be done in the same way (one has to use
(6.13) instead of (6.8)) and we get
f(n, l, k|n− 1
2
, k − l; n− 1
2
, 0|x) = 1
n
(
k!(n− l)!
l!(n− k)!
)1/2
(x− 1)−n/2+1/3x3n/4−2/3−k
×(1 + x)k−l
{
lx+ n+ k − 2l + 2(l − k)
1 + x
}
(−1)k−l+n+1. (D.8)
D.2 Four point function with P 6= Q.
We now address the case P 6= Q. We look at the correlator
〈Sn−l,l(v)S†n−k,k(w)
(
(J−0 )
sσ
n−1
2
n
)
(0)σ
n+1
2
†
n (a)〉. (D.9)
The expansion of this four point function in terms of basic correlators is given by (4.4), and
the analog of (D.6) reads:
f(n, l, k|n− 1
2
, k − l − 1; n+ 1
2
, 0|x) =
(
k!(n− l)!
l!(n− k)!
)1/2
(−1)k−l−1 (D.10)
×
k−l−1∑
p=0
{
(k − l − 1)!
p!(k − l − 1− p)!
1√
(n − k + p+ 1)(k − p)
× f(n, k − p− 1, k − p|n− 1
2
, 0;
n+ 1
2
, 0|x)
}
To evaluate this correlator we use the expression for the basic correlation function (6.18), then
one gets:
f(n, l, k|n− 1
2
, k − l − 1; n+ 1
2
, 0|x)
= (−1)k−l+n 1
n
(
k!(n− l)!
l!(n− k)!
)1/2
x3n/4−k(x− 1)−n/2+1(1 + x)k−l−1 (D.11)
E General correlation function.
E.1 Method of calculation.
In this section we perform the last step in evaluating the general four point function:
〈Sn−l,l(v)S†n−k,k(w)
(
(J−0 )
pσPn
)
(0)
(
(J+0 )
qσQ†n
)
(a)〉. (E.1)
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As before we will be interested in the reduced four point function, which depends only upon
the cross ratio:
f(n, l, k|P, p;Q, q|x), (E.2)
and the complete function (E.1) can be recovered using (5.2). Since the dimension of Sn−k,k
does not depend on k and the dimension of (J−0 )
pσPn is independent on p, the prefactor in
front of f is universal; it depends only upon n, P and Q. Thus all relations between various
correlators of the type (E.1) which have the same values of n, P and Q can be rewritten in
terms of reduced functions f .
Let us start by moving the contours of J+0 away from the point z = a in (E.1). Then we
get: 〈
Sn−l,l(v)S
†
n−k,k(w)
(
(J−0 )
pσPn
)
(0)
(
(J+0 )
qσQ†n
)
(a)
〉
(E.3)
= (−1)q
q∑
a=0
q!
a!(q − c)!
〈
(J+0 )
a
[
Sn−l,l(v)S
†
n−k,k(w)
] (
(J+0 )
q−a(J−0 )
pσPn
)
(0)σQ†n (a)
〉
Let us consider the operator
M(a, b, P ) ≡ (J+0 )a(J−0 )bσPn (0). (E.4)
Since σPn is the highest member of an SU(2) multiplet, it is annihilated by J
+
0 . Then using
standard manipulations, we get for b > a:
M(a, b, P ) = b!
(b− a)!
(2P − b+ a)!
(2P − b)! (J
−
0 )
b−aσPn (0) (E.5)
Substituting this in (E.3), one gets:〈
Sn−l,l(v)S
†
n−k,k(w)
(
(J−0 )
pσPn
)
(0)
(
(J+0 )
qσQ†n
)
(a)
〉
= (−1)q
q∑
a=0
q!
a!(q − c)!
p!(2P − p+ q − a)!
(p− q + a)!(2P − p)! (E.6)
×
〈
(J+0 )
a
[
Sn−l,l(v)S
†
n−k,k(w)
] (
(J−0 )
p−q+aσPn
)
(0)σQ†n (a)
〉
.
We can distribute (J+0 )
a between the two spin operators and use the charge conservation:
k − l − p+ P + q −Q = 0. (E.7)
to get the four point functions in (E.6) in terms of functions of the cross ratio:
f(n, l, k|P, p;Q, q|x) = (−1)q
(
(n− k)!l!
k!(n− l)!
)1/2 p!
(2P − p)!
×
q∑
c=0
q!
c!(q − c)!
(2P − p+ q − c)!
(p− q + c)!
c∑
b=0
(
(k + b)!
(n− k − b)!
(n− l + c− b)!
(l − c+ b)!
)1/2
× c!
b!(c− b)!f(n, l− c+ b, k + b|P, p− q + c;Q, 0|x) (E.8)
The four point functions appearing on the rhs of (E.8) should be taken from the equations
(D.7),(D.8) or (D.11) depending upon the values of P and Q. We consider these three cases
separately.
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E.2 Calculation for P = Q = n+1
2
.
Substituting the expression (D.7) into (E.8), one gets
f(n, l, k|n+ 1
2
, p;
n+ 1
2
, q|x) = (−1)q
(
(n− k)!l!
k!(n− l)!
)1/2 p!
(n+ 1− p)!
× 1
n
(x− 1)−n/2−1/3x3n/4−1/3−k(1 + x)k−l(−1)k−l+n+1
×
q∑
c=0
q!
c!(q − c)!
(n+ 1− p+ q − c)!
(p− q + c)!
c∑
b=0
(k + b)!
(n− k − b)!
(n− l + c− b)!
(l − c+ b)!
c!
b!(c− b)!
× x−b(−1− x)c {α+ βc+ γb} (E.9)
Here we introduced the convenient notation:
α = (n− l)x+ 2l − k + 2 k − l
1 + x
β = x− 2 + 2
1 + x
γ = 1− x (E.10)
We will not simplify the above result further for general values of the paramaters. But we
had shown in section 4 that to evaluate the four point functions (A.10) a special subset of these
correlators was needed. We will now obtain an explicit expression for these special correlators.
For this special subset we have l = 0. Then by charge conservation p = k + q and we get
f(n, 0, k|n + 1
2
, p;
n+ 1
2
, q|x) = (−1)q
(
(n− k)!l!
k!(n − l)!
)1/2 (k + q)!
(n+ 1− k − q)!
×(−1)
k+n+1
n
(x− 1)−n/2−1/3x3n/4−1/3−k(1 + x)kn!
×
q∑
c=0
q!
c!(q − c)! (n+ 1− k − c)
(
−1 + x
x
)c
{α+ (β + γ)c} (E.11)
One can rewrite the last line in this expression in the following form(
n+ 1− k − y ∂
∂y
){
α+ (β + γ)y
∂
∂y
}
(1 + y)q
∣∣∣∣
y=− 1+x
x
, (E.12)
After substituting the values of α, β and γ from (E.10), the equation (E.11) reads
f(n, 0, k|n + 1
2
, p;
n+ 1
2
, q|x) = (−1)q
(
(n− k)!
k!n!
)1/2 (k + q)!
(n+ 1− k − q)!
×(−1)
k+n+1
n
(x− 1)−n/2−1/3x3n/4−1/3−k(1 + x)kn!
×
(
n+ 1− k − y ∂
∂y
){
nx+ k
1− x
1 + x
+
1− x
1 + x
y
∂
∂y
}
(1 + y)q
∣∣∣∣
y=− 1+x
x
(E.13)
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E.3 Calculation for P = Q = n−1
2
.
Substituting the expression (D.8) into (E.8), one gets for l = 0:
f(n, 0, k|n − 1
2
, p;
n− 1
2
, q|x) = (−1)q
(
(n− k)!
k!n!
)1/2 (k + q)!
(n− 1− k − q)!
×(−1)
k+n+1
n
(x− 1)−n/2+1/3x3n/4−2/3−k(1 + x)kn!
×
q∑
c=0
q!
c!(q − c)!
1
n− k − c
(
−1 + x
x
)c {
α˜+ (β˜ + γ˜)c
}
(E.14)
Here
α˜ = n+ k − 2 k
1 + x
, β˜ = −x+ 2− 2
1 + x
, γ˜ = x− 1 (E.15)
The sum in the last line of (E.14) can be rewritten in terms of the hypergeometric function:
q∑
c=0
q!
c!(q − c)!
1
n− k − c
(
−1 + x
x
)c {
α˜+ (β˜ + γ˜)c
}
=
1
n− k
{
α˜+ (β˜ + γ˜)y
∂
∂y
}
F (−q, k − n; k − n+ 1; y)
∣∣∣∣
y=− 1+x
x
, (E.16)
which leads to the final answer for this case:
f(n, 0, k|n − 1
2
, p;
n− 1
2
, q|x) = (−1)q
(
(n− k)!
k!n!
)1/2 (k + q)!
(n− 1− k − q)!
×(−1)
k+n+1
n
(x− 1)−n/2+1/3x3n/4−2/3−k(1 + x)kn! 1
n− k
×
{
n+ k
x− 1
x+ 1
+
x− 1
x+ 1
y
∂
∂y
}
F (−q, k − n; k − n+ 1; y)
∣∣∣∣
y=− 1+x
x
(E.17)
E.4 Calculation for P = n+1
2
, Q = n−1
2
.
Substituting the expression (D.11) into (E.8), one gets for l = 0:
f(n, 0, k|n − 1
2
, p;
n+ 1
2
, q|x) = (−1)q
(
(n− k)!
k!n!
)1/2 p!
(n− 1− p)!
×(−1)
n+k
n
(x− 1)−n/2+1x3n/4−k(1 + x)k−1
×
q∑
c=0
q!n!
c!(q − c)!
(n − 1− p+ q − c)!
(p− q + c)!
(k + c)!
(n− k − c)!
(
−1 + x
x
)c
(E.18)
Charge conservation leads to the relation
p = k + q + P −Q = k + q − 1, (E.19)
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which allows us to simplify the sum in (E.18):
f(n, 0, k|n− 1
2
, p;
n+ 1
2
, q|x) = (−1)q+k+n
(
(n − k)!
k!n!
)1/2 p!(n − 1)!
(n− 1− p)!
×(x− 1)−n/2+1x3n/4−k(1 + x)k−1
(
k + y
∂
∂y
)
(1 + y)q
∣∣∣∣
y=− 1+x
x
(E.20)
F Large N scaling of the correlators
In this paper we evaluated a large class of CFT amplitudes and found that transitions modifying
the state of the black hole are suppressed by powers of N . Assuming that the final Ramond
vacuum is a rotation of the initial state, we found that rotation by k units leads to suppression
by 1/Nk, and in this appendix we will extend this result to more general transitions between
vacua.
Specifically, we consider the following correlation function〈
SN,0(v)T
†(w)
(
(J−0 )
pσPn
)
(0)
(
(J+0 )
qσQ†n
)
(a)
〉
SN
(F.1)
We assumed that all spins in the initial state are pointing up, the twist operators interchange
the first n copies, and they flip k spins. In this paper the final state T was taken to be a rotation
of the initial state, and one can consider two generalizations:
1. Keeping the assumption that the product of σn and σ
†
n corresponds to the trivial permu-
tation, we conclude that T must factorize
T = cS˜
(2)
N−nT˜ (F.2)
However we now allow T to belong to the representation with spin j < N/2, then T˜
belongs to the representation with j′ = j − N−n2 . As before, the change of j3 caused by
the twist operators will be denoted by k (i.e., the spin operator T would have j3 =
N
2 −k),
and such change can only happen in the first n copies. The standard formulas for addition
of angular momenta lead to inequalities
n
2
≥ j′ ≥ n
2
− k ⇒ N
2
≥ j ≥ N
2
− k (F.3)
Similar relations hold in the anti–holomorphic sector.
2. More general correlators arise if one drops the assumption that the product σnσ
†
n gives
a trivial permutation. In this case T would contain operators A discussed in sections
5.2, 5.3. Evaluation of these correlators involves nontrivial three–point functions in the
orbifold CFT, and we leave it for future work.
In this appendix we explore the first option focusing on large values of N (we assume that N
is much larger than k, k¯). Then we will demonstrate that operator T must have j = j¯ and
〈
SN,0(v)T
†
j;j(w)
(
(J−0 )
p(J¯−0 )
p¯σPn
)
(0)
(
(J+0 )
q(J¯+0 )
q¯σQ†n
)
(a)
〉
SN
∼ N−(k+k¯)/2N (N2 −j)/2 (F.4)
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This expression reduces to (8.16) for j = N2 and k = k¯.
To prove (F.4), we will begin with justifying it for the highest member of the multiplet with
given j, j¯. According to (F.3) such correlator has k = N2 − j, k¯ = N2 − j¯. Other values of k and
k¯ will be considered in section F.2.
F.1 Highest weight states
Operators T corresponding to untwisted final states can be written as superpositions of various
spins, as in (2.23), (2.24). It is convenient to denote spins pointing up and down by arrows,
then (2.23) can be represented as
SN,0 → | ↑ . . . ↑〉 ≡ | ↑N 〉 ≡ |j = N
2
, j3 =
N
2
〉 (F.5)
Application of the twist operators to (F.5), as in (F.1), produces a linear combinations of states
containing various orientations of spins15
| ↓k↑N−k; ↓m↑k−m↓k¯−m↑N−k−k¯+m〉 (F.6)
and all such terms appear with coefficients of order one. To evaluate the four point function
(F.1), one should take a projection of (F.6) onto a final state T . In this paper we mainly focused
on T which was either the highest weight state (F.5) with j = N2 or some other state in the
same representation (i.e., SN−k,k defined by (2.24)).
Now we will take T to be the highest weight state |j, j; j¯ , j¯〉, with angular momenta j and j¯
in the left and in the right sectors. First we construct the holomorphic part of this state using
the Young diagram for representation with angular momentum j:
|j, j〉L = 1√
s
[
| ↑N2 +j↓N2 −j〉L + perm
]
, (F.7)
where permutations correspond to the Young diagram with N2 + j boxes in the first row and
N
2 − j boxes in the second row, and s is the number of terms in the sum. Notice that we are
focusing on N ≫ k, then inequality (F.3) implies that coefficients in front of individual states
in the right hand side of (F.7) are of order one (i.e., s ∼ N0).
To construct the spin operator T , one should combine (F.7) with corresponding expression
in the anti–holomorphic sector and sum over the orbit of the permutation group (d is the
dimension of the orbit):
|j, j; j¯ , j¯〉 = 1√
d
∑
SN
|j, j〉L ⊗ |j¯, j¯〉R (F.8)
Since SU(2) Young diagrams with N boxes can also be viewed as SN Young diagrams, and
different representations of SN are orthogonal, the sum in (F.8) gives zero unless
j = j¯. (F.9)
15We use a shorthand notation ↑n for n consecutive arrows pointing up, there is also slot-by-slot correspondence
between the left and right spins of a particular string.
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To illustrate this general property, we give an explicit example of N = 2, j = 1, j¯ = 0:
|0, 0; 1, 1〉 = 1√
2
{
1√
2
[| ↑↓〉 − | ↓↑〉]L ⊗ | ↑↑〉R +
1√
2
[| ↓↑〉 − | ↑↓〉]L ⊗ | ↑↑〉R
}
= 0.
When (F.8) is multiplied by a particular state (F.6), only one term in the sum (F.8) con-
tributes, so the large N scaling of the product (which gives the correlation function (F.1)) is
determined by d. Recalling that d is a dimension of the SN orbit, which is the same as the
dimension of representation corresponding to a given Young diagram (N2 + j boxes in the first
row and N2 − j boxes in the second row), we can evaluate this number using the hook–length
formula:
d =
N !
(N2 − j)!(N2 + j + 1) . . . (2j + 2)(N − 2[N2 − j])!
=
(2j + 1)N !
(N2 − j)!(N2 + j + 1)!
. (F.10)
Recalling that N ≫ N2 − j ∼ 1 and using Stirling’s formula, we find
d ∼ N N2 −j . (F.11)
This determines the scaling of (F.1) for the highest weight state Tj,j:〈
SN,0(v)T
†
j;j(w)
(
(J−0 )
p(J¯−0 )
p¯σPn
)
(0)
(
(J+0 )
q(J¯+0 )
q¯σQ†n
)
(a)
〉
SN
∼ 1√
d
∼ N−(N2 −j)/2 (F.12)
and proves the formula (F.4) for k = k¯ = N2 − j. In the next subsection we will extend this
result to other values of k and k¯.
F.2 Other members of the multiplet
We will now allow the final state T to be an arbitrary member of the multiplet:∣∣∣∣j, N2 − k; j¯, N2 − k¯
〉
=
√
(2j − l)!
(2j)!l!
√
(2j¯ − l¯)!
(2j¯)!l¯!
(J−0 )
l(J¯−0 )
l¯|j, j; j¯ , j¯〉 (F.13)
l ≡ j + k − N
2
, l¯ ≡ j¯ + k¯ − N
2
,
|j, j; j¯ , j¯〉 = 1√
d
∑
SN
|j, j〉L ⊗ |j¯, j¯〉R
As we demonstrated above, summation in the last line leads to the restriction j = j¯. The
amplitude (F.1) is obtained by multiplying (F.13) and an appropriate linear combination of
(F.6). Then by moving (J−0 ), (J¯
−
0 ) to (F.6), such amplitude is reduced to a combination of the
results with l = l¯ = 0. Although this reduction involves some nontrivial combinatorics, for our
purposed it is sufficient to notice that all combinatorial coefficients scale as N0 since J−0 , J¯
−
0
act only on the first n copies and n ∼ 1. This implies that the N scaling in (F.4) is determined
by d, which was evaluated in the last subsection, and by factorials in (F.13).
For small values of l, we approximate the factorials in (F.13),∣∣∣∣j, N2 − k; j, N2 − k¯
〉
∼ N−(l+l¯)/2(J−0 )l(J¯−0 )l¯|j, j; j, j〉
∼ N−(k+k¯)/2N N2 −j(J−0 )l(J¯−0 )l¯|j, j; j, j〉 (F.14)
and combining this with (F.12), we arrive at (F.4).
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